Using multiphysics computer codes has become a useful tool to solve systems of partial differential equations. However, these codes do not always allow for the free introduction of implicitly defined state functions when automatic differentiation is used to compute the iteration matrix. This makes it considerably more difficult to solve geomechanical problems using non-linear constitutive models. This paper proposes a method for overcoming this difficulty based on multiphysics capabilities. The implementation of the well-known Barcelona basic model is described to illustrate the application of the method. For this purpose, without including formulation details addressed by other authors, the fundamentals of its implementation in a finite element code are described. Examples that demonstrate the scope of the proposed methodology are also presented. 
Introduction
In recent years, the application of numerical methods, particularly the finite element method (FEM), for solving boundary problems in soil mechanics has grown considerably, as illustrated by the high quality and large number of published papers on the subject. Among the noteworthy contributions to this area of research are those by Potts and Gens [1] , Potts and Zdravkovic [2] , Sheng et al. [3] , Sheng et al. [4] , Sheng et al. [5] , Borja [6] and Gens and Potts [7] . The algorithms they propose have been implemented both in FEM codes developed primarily for research purposes [see 8, 9 and 10] and in commercial FEM software [see, among others, [11] [12] [13] , which include modules that facilitate the simulation of the behaviour of a large number of geotechnical structures (e.g., embankments and cuts, earth dams, retaining walls, slopes, tunnels and foundations).
The use of Multiphysics Partial Differential Equation Solvers (MPDES) emerges as
a useful tool for the numerical solution of geotechnical problems [14] . With this class of solvers, the user defines the governing equations and models for the behaviour of the system. The code takes automatic control of assembling and solving the system of equations without it being necessary to redefine the memory storage structures or to implement the algorithms for its solution. The user focuses on the physics of the problem, which allows for the coupling of almost any physical or chemical process that could be described through Partial Differential Equations (PDEs). This coupling ability is one of the main advantages of MPDES. In addition, some MPDES include specific stress-strain models for geomaterials in their libraries. For instance, COMSOL Multiphysics (CM) [15] , the multiphysics partial differential equation solver used as a reference in this work, introduces a variety of saturated geomechanic material models (modified CamClay, Matsuoka-Nakai, Hoek-Brown, among others).
Although built-in models are of great use, ideally users would be able to implement any desired stress-strain model. In principle, MPDES interfaces are adapted to so. Their structure enables to define different constitutive models. However, an important difficulty may arise when non-linear models are used. Several MPDES include automatic differentiation modules [16] [17] [18] [19] . This method of evaluating derivatives has experienced a rapid advance, becoming an efficient tool in computing technology [20, 21] . Some codes, as CM, differentiate symbolically all expressions that contribute to the iteration matrix [22] . In such case, if there are state functions defined through implicit relationships (as it happens in non-linear constitutive models), their derivatives cannot be calculated. Thus, the iteration matrix cannot be defined, and the program fails to solve the problem. Therefore, elastoplastic models cannot be freely implemented because they contain an implicit coupling between the stresses, plastic strains, and plastic variable increments. It is not possible either to implement simple models for non-linear elasticity, because both the volumetric and shear moduli are functions of stresses that must be calculated. This inability implies a very important limitation for the use of MPDES such as CM in the analysis of geomechanical boundary value problems.
This paper proposes a strategy for solving this problem using the multiphysics concept. A mixed method [see, for instance, 23] is proposed that identifies the stresses and plastic variables as main unknowns of the model. In this manner, users can freely introduce models with implicit couplings among the variables. To illustrate the application of the method, the Barcelona Basic Model (BBM) [24] , a reference critical state model in unsaturated soil mechanics, has been implemented and analysed.
Formulation of the problem
To simplify the description of the methodology when analysing the mechanical behaviour of unsaturated soils, a soil consisting of three species, soil skeleton, water and air is considered in three phases: solid, liquid and gas. The presence of solids dissolved in the water is not considered, whereas the presence of dissolved air is considered according to Henry's law. The gas is formed by a mixture of dry air and water vapour. The presence of vapour mixed with air in the gas phase is considered in accordance with the psychometric law. Because of this consideration, and assuming a displacement finite element approach, the solid displacements u, liquid pressure PL and gas pressure PG are the 'main unknowns' (state or primary variables) of the problem, and the mass balance of the species (soil, water and gas) and the equilibrium equation are the PDEs to solve.
Isothermal conditions are assumed. Thus, no enthalpy balance is solved, and the temperature remains constant. The mass-balance equations implemented in the solver have been described in detail by Navarro and Alonso [9] and Alonso et al. [25] .
The equilibrium equation is formulated in terms of the total stress tensor σTOT as follows:
where '·' is the divergence operator,  is the average soil density, g is the gravitational acceleration, and k is a unit vector in the direction of gravity. The total stress tensor σTOT is different from the constitutive stress σ used in the constitutive model. In this work, σ is assumed equal to the net stress (σ = σTOT -PG·m, where m is the vector form of the Kronecker delta), and the mechanical behaviour of the soil is described by the pair of net stress and matric suction s=PG-PL [26] . Thus, using the notation of Solowski and Gallipoli [27] , the general constitutive relation is obtained as follows:
where D el is the elastic matrix, and d el,  is the elastic strain associated with changes in the constitutive stresses. This latter term is the difference between the strain d (obtained by spatial differentiation of u) and the sum of the plastic strain d pl and elastic strain due to suction changes d el,s .
Introducing the definition for the plastic potential and the hardening law, the following relation is obtained [28] :
where D ep,  is a 66 (three-dimensional problem) matrix defined as follows [27] :
V pl being the plastic volumetric strain, 'T' the transpose operator, and F the yield function. D ep,s is a 61 array defined as:
where, if the BBM is used, the 61 array b is given by the expression [27] :
beings the elastic modulus for changes in suction, PATM the atmospheric pressure (assumed to be 100 kPa), and e the void ratio. As in other critical state models [29] , the preconsolidation pressure pO* in equations 4 and 2 is the model hardening parameter, defined in Fig. 1 , where the 'hardening direction' g is also defined. For simplicity, in this work, g is taken as normal to F in the s=constant plane, but it is simple to adapt the formulation to introduce a different flow rule. The variation of pO* with respect to V pl constitutes the hardening law, which is formulated according to the expression [27]:
where the vector H  (61) and scalar H s are defined as: Figure 1 . General form of the yield function. CSL is the Critical State Line Therefore, if both a 'generalised' (or 'enhanced', in keeping with the notation of Solowski and Gallipoli [27] ) strain vector enh=(, s), which includes strain and suction, and an 'enhanced' stress vector enh=(, pO*), which includes the constitutive stress and the hardening parameter, are defined, the following equation is obtained:
Consequently, using this notation and the proposed formulation, at each time step of the plastic path, the integration of Equation 10 is performed such that the increment enh=(, pO*) satisfies the equation [1] : [30] , Solowski and Gallipoli [27, 31] and Vaunat et al. [32] have described diverse strategies for solving this problem, focusing on their application to the BBM. Here, only yield by contact with the LC surface is considered [24] (see Fig. 1 ).
Therefore, the problem is simplified considerably, with most of the difficulty focused on the selection of an explicit or implicit method [27] . 
Solution strategy
The differentiation with respect to enh is needed to calculate D ep enh. For that purpose, enh (vector grouping the state functions defined through implicit functions) can be identified as a new main unknown, so the logic of the computer algebra can differentiate with respect to it. Nevertheless, since new degrees of freedom are being introduced, new equations must be defined for them to be solved. Making use of the multiphysics capability of MPDES, a new balance equation can be defined: implemented as a DODE, enh is considered a main unknown. This way, a mixed method is being adopted [see, for example, 35], and as occurs with increments of displacements, liquid pressure and gas pressure (see Fig. 2 ), enh should be determined in each node by solving the 'global' [33, 34] boundary value problem associated with each time increment.
To that end, the mass balance equations were solved as it is conventionally done in other FEM models [see, for example, 9 and 23]. In contrast, to solve the equilibrium equation, a non-conventional procedure was performed. In the weak formulation (application of the principle of virtual work, [36] With these values and D ep enh, the conjugate value of the enhanced stress rate ´enh- was estimated. This value was compared with ´enh in X´. Along with the residuals associated with the mass-balance and equilibrium equations, the difference ´enh ´enh- defines the residual vector f. In each time step, the value of X (which includes enh) was determined globally such that f would be approximately zero.
Calculation procedure
As it was indicated in the Introduction, CM is the multiphysics partial differential equation solver used as a reference in this work, and it was used to carry out the validation exercises presented in the next section. Among the different options available in CM for the approximation of time derivatives, a fully implicit backward difference scheme was employed. The IDA module [37] After the time discretisation, the resultant system f(X)=0 was solved via a damped Newton procedure. The procedure was described in detail by Deuflhard [39] and [37] . The iteration matrix was adopted equal to the system Jacobian, updated in each iteration of Newton's method. Each iteration was solved using the PARDISO solver [37, 40] .
It is important to emphasise that, although the analytic computation of the Jacobian introduces the 'cost' of including additional variables (those in enh) in the global solving of the problem, it provides a very important calculation power. The 'true' Jacobian computed by using the automatic derivatives defined by the computer algebra preserves the quadratic rate of asymptotic convergence of the iterative solution. In addition, it is done automatically when modifying the physics of the analysis. If, for instance, the enthalpy flow or the consideration of transport of chemical species were introduced in the model, the derivatives of the terms included in the corresponding balance equations would be automatically calculated, keeping the convergence rate.
The iterative process is considered successfully solved when both the relative and the absolute errors are lower than user-defined tolerances [37] . When these conditions are not satisfied, the step size is reduced. The step size is also reduced when the iterative process reaches a maximum number of iterations. If the calculation step is not solved after a certain number of reductions in step size, the program stops the calculation process.
To conclude this section, it is interesting to point out that spatial discretisation in CM is accomplished by applying a FEM with Lagrange multipliers [41; see also 37, 42] . This point is important because this approach provides stability when applying a mixed method, as described by Babuška and Gatica [43] . Thus, such instabilities as those described by Cervera et al. [35] were not experienced in the analyses performed with this approach, even in the solution of complex problems, such as the deep geological storage of CO2 in the supercritical phase [22, 44, 45] , in which the propagation of a CO2 front was analysed within a porous rock for which shear bands were produced with considerable strain localisation.
Validation exercises
As a validation exercise, various tests also simulated by Solowski and Gallipoli [31] have been analysed. Axisymmetric conditions were assumed. The enhanced strain increment vector has been defined in terms of strains invariants enh=( V, S, s), where V is the increment of volumetric strain and s is the increment of shear strain. The net stress increment vector is defined in terms of triaxial stress states, i.e., in terms of the stress invariants (p, q). In the first exercise, two isotropic compression paths (S  0) under variable suction were simulated (see Fig. 3 a) . In the second, three oedometric loading paths (S  2 /3·V) under variable suction were analysed (Fig. 3 b) . The parameters in Table 1 , taken from Solowski and Gallipoli [31, 46] , were used in all analyses. Table 1 . Model parameters (adopted from [13, 48] ).
A 'reference solution' (reference evolution of p, q and pO* upon varying V, S and s) was obtained so that the solution attained with the proposed methodology could be validated against it. To do so, Equation 10 was integrated using an explicit Euler integration scheme. To run this calculation, a simple solver was programmed using the macro language Visual Basic for Applications of the Excel Spreadsheet (© Microsoft). The solution was considered accurate when the p and q values obtained with a twofold number of computation sub-increments differ by only 10 -5 kPa. It has been proven that, in all of the analysed cases, these reference solutions are indistinguishable from the reference solutions adopted by Solowski and Gallipoli [31] .
When carrying out the simulations with CM, equivalent boundary value problems were solved. The analysis of air mass balance was not activated, and it was assumed that the gas pressure is maintained at the atmospheric pressure. At any point in time, all points of the domain were allowed to have the value of PL deduced from the value of s. Consequently, the simulations carried out are a purely mechanical uncoupled analysis focused on the applicability of the proposed procedure.
A cylindrical 2-dimensional axisymmetric domain was used. It would have sufficed to use only a single linear finite element. However, to highlight the "global" character of the problem, and with the aim of preventing X from being reduced to enh (see Fig. 2 ), a finite element mesh was analysed with four quadratic- Lagrangian elements of rectangular shape. In this manner, the displacements of the internal nodes were also unknowns to be solved.
In the first validation (Fig. 3 a) , an isotropic initial stress state corresponding to a mean net stress of 15 kPa and an initial value of the hardening parameter of 50 kPa were assumed. As can be observed in Fig. 4 , the CM simulation overlaps with the reference solution. The CM solution also overlaps with the reference solution in the tests represented in Fig. 3 b, which corresponds to the second validation exercise. Three possible suction changes, -50, 0 and 100 kPa, were considered. The initial hardening parameter was assumed to be equal to 200 kPa. In the first test (Fig. 5 a) , highly overconsolidated conditions were adopted, given that an initial mean net stress of 5 kPa was taken. In the second test (Fig. 5 b) , the behaviour of a slightly overconsolidated soil was simulated, given that the initial mean stress was assumed to be equal to 200 kPa. In this test, the stress path yielded on the wet side of the plastic surface, whereas the yielding occurred on the dry side when starting from the highly overconsolidated condition. Therefore, with respect to Fig. 4 (isotropic path), Figs. 5 a and b indicate that the proposed procedure correctly simulates not only deviatoric paths but also paths on which hardening (Fig. 5 b, wet side) and softening occur (Fig. 5 a, dry side) . The correct simulation of softening is always an important test for an elastoplastic model. Table 2 . RRMSE associated with the simulations performed by Solowski and Gallipoli [13] and the simulations performed with CM. The previous CM solutions were obtained with low computation requirements.
First, a rather unrestrictive absolute tolerance of 0.1 kPa for p, q and pO*, and a relative tolerance of 10 -3 were chosen. In addition, both the strain and the suction increments for each computational step were allowed to be up to 10% of the total increments defined in Figs. 3 a and b. Figures 6 a-c show the variation of RRMSE when reducing the ratio 'maximum step load / total load'. The variation of RRMSE is less than 0.48% when the reducing the mentioned ratio from 10 % to 0.01 %. It provides a quantitative estimate of the overall convergence quality of the proposed model.
This allows assuming that the steps adopted when modelling can be not necessarily of small size. This issue is of great importance to the proposed mixed formulation. By introducing enh in X, the number of unknowns N in the system increases considerably. In accordance with Press et al. [47] , the CPU consumption for a direct solver such as PARDISO [37, 40] can be approximated by N  3 . Therefore,
increasing N implies significant increases in the computational cost. This increased cost is one of the main drawbacks of mixed methods [35] . Given that the cost of solving each time step will be greater with the proposed formulation, reducing the number of time steps without significantly reducing the quality of the solution is of great interest.
Coupled problems
When analysing coupled problems in which PL and PG are also main unknowns, the numerical performance is controlled not only by the mechanical problem, but also by the convergence of the mass balance. The coupling between hydraulic and mechanical behaviour makes the swelling pressure test a valuable problem for this type of analysis. Therefore, a bentonite swelling pressure test was selected as an inspection example. The saturation of a bentonite cylindrical sample with a radius of 15 cm and a height of 20 cm was simulated assuming axisymmetric conditions. A simple 16-element mesh was used. Quadratic Lagrangian elements of rectangular shape were adopted. Initially, the bentonite had a suction of 40 MPa (initial degree of saturation 60.2%), a void ratio of 0.68 and a dry density of 1.655 g/cm 3 . It was subjected to a saturation boundary condition (PL=PATM) applied at its top edge (vertical coordinate z=20 cm). Both vertical and radial deformations were restrained (see Fig. 7 ). A period of 11.6 days was simulated (minimum final degree of saturation equal to approximately one). The BBM was used as the mechanical constitutive model with the parameters listed in Table 3 . A van Genuchten [48] retention curve was adopted, and the van Genuchten [48] -Mualem [49] formulation was assumed for the relative permeability. The intrinsic permeability K in square meters was computed by using the formulation presented by Liu et al.
[50]:
where n is the porosity, and kk1, kk2 and kk3 are material parameters. The hydraulic parameters are provided in Table 4 . Before solving the coupled problem, two uncoupled simulations were performed.
In the first, which was only mechanical, an isotropic swelling pressure test V=S=0 with s=39.9 MPa was simulated. The reference solution was compared with the CM solution to verify the quality of the mechanical solution. As shown in Fig. 8 , the fit is similar to those shown in Figs. 4 and 5. In the simulations, a constant gas pressure equal to the atmospheric pressure was assumed. This hypothesis was also maintained when simulating water flow. In the second uncoupled simulation, only the flow problem was analysed, assuming a non-deformable medium. As in the mechanical problem and coupled simulations, an absolute tolerance of 0.1 kPa was taken for PL, equal to the one adopted for the stresses and pO*. For all the state variables, the relative tolerance was equal to 10 -3 . The uncoupled resolution of the flow problem can be used as a reference of the numerical solution process, characterised by the number of time steps and their step size (Fig. 9 ). This reference was compared with the results obtained for a coupled simulation when assuming both a non-linear elastic mechanical behaviour and elastoplastic behaviour for bentonite (see the parameters in Table 3 ). As can be observed in Fig. 9 , the elastic coupled solution is similar to that of the uncoupled flow problem in terms of time stepping. By having limited the maximum step size to 1000 s, the results of both simulations overlap when this maximum value has been reached. The coupled elastoplastic simulation has similar dynamics until the yield occurs (after the 947 th time increment when assuming an initial preconsolidation net stress of 5 MPa). From this point, the large demand of the plasticity calculation causes the calculation process to slow down.
Thus, the numerical performance appears to be complicated not by the application of a mixed formulation but rather by the complexity of the stress-strain behaviour.
Conclusions
Although the analysis has been centred on the application of COMSOL Multiphysics (CM), it has been showed that the use of multiphysics capabilities enables the free implementation of advanced soil mechanic models, beyond built-in models, in
Multiphysics Partial Differential Equation Solvers (MPDES) which use symbolic derivatives. The exercises performed here have focused on the well-known Barcelona basic model (BBM) [24] . However, the results are applicable to other elastoplastic models [25, 44] .
The constitutive formulation, represented in Equation 10, is introduced, using the multiphysics capacity of MPDES, as a differential equation (Equation 12) assuming a zero 'stress flow', or as a distributed ordinary differential equation. Then, the constitutive stresses (net stresses in the adopted formulation) and preconsolidation pressure become main unknowns in the model. A mixed method was formulated (Fig. 2) . Although these methods typically exhibit stability problems [35] , the CM algorithmics (based on the application of the finite element method with Lagrange multipliers) and its computational stepping guarantee an efficient and accurate solution for the processes analysed. An important aspect of this efficiency is the automatic differentiation. It makes it possible to obtain derivatives defining a Jacobian that preserves the quadratic rate of the asymptotic convergence of the iterative solution scheme. Table 2 ).
Notwithstanding, as occurs when mixed methods are used, the consideration of stresses and the plastic parameters as main unknowns implies a marked increase in computational cost. A loss of 'computational efficiency' will occur. Future studies should determine whether this loss is compensated by the gain in 'conceptual efficiency' implied by having advanced geomechanical models (BBM is a good example) implemented in a multiphysics environment. In problems with welldefined physics, the loss might be greater than the gain. However, the same will not occur in the analysis of problems for which it is important to be able to activate (or deactivate) new physics with agility in the conceptual model of the system.
